Assignment #4 solutions
Physics 322
1. (a) If the original state is
1 1 1
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then a measurement of the S;, spin which yields —# /2 will ultimately represent
finding the state |——). This will occur with a probablity of‘ P=1/v2]?=1/2 ‘
Afterward, the state has collapsed to | — —).

(b) In order to measure Sy, we must re-write the state ——) in the basis
{|4+)z,|—)z. Recall that |—) = % (|4)z — |=)z), sO we get
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There are clearly two of the four states in which the first particle is |—),, for
which a measurement of the spin would return —//2. So, the probability is
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Likewise, a measurement of |+), (eigenvalue +7/2) would result in the same
probability, for the same reason.

(c) The state is once again in the original superposition of (a). We are looking
for the states | ++), or | — —). In this case, we will find the two spins of +7/2
with a 1/4 probability, and | — —) with the 1/2 probability found in (a).

2. If we define Sél) = 51., and then 5152) = c0s 0S5, +sin 65,5, then we can consider
the action of these matrices on the singlet state [00) = —5 (| + =) — | —+)).
The states {|+)|—)} are eigenstates of the S, matrices, but not S, which gives

S,|&) = Fh/2|F). So, we can write the expectation (S S} = (00515 |00)

as:

;5 (4 — | = (= +]) Sy (cos 6. + sin@SQm)\}i (4 =)= —+))

We can break this into two pieces: one in which the operator 51,55, acts, and
the other in which the operator 5.5, acts:
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Since the second operation results in a mixture of states that are orthogonal
to |00), the expectation value can be calculated exclusively from the action of

S1:59., giving

(SWSPY = (00| cos 0S;..55.|00) = —L2 cos
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4. The general action of J_ on the state |J, M) is

J-|J, My =l J(J +1) = M(M — 1)|.J, M — 1). So, we get

J-I1,1) = 1v/2]1,0)

This implies that
1
1,00 =——=J_|1,1
1.0) = 5T

We can re-write the RHS by replacing |1,1) = | + +), and using the identity

J- = S1— + S5—. Also, recall that S_|+) = h\/; (% + 1) -3 (% — 1)]—) = |-),

which implies:

S+ Sl ++) =

(I=+) +[+-)

Thus, substituting this back into the previous RHS expression, we find

11,0) = % (| +—=)+|—+))|, which is the correct expression for the state.

Acting J_ again on this we obtain the general expression for |1, —1), which is

J_|1,0) = hy/2|1, —1). Proceeding as before, we find:
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Substituting this expression back into the original gives

(A = =) + 1] = =) = v2[ - =)

1,-1) = VR ——) =] - )

which is exactly what we should expect! So, the triplet states are well-defined
by the lowering operations on the original state |1,1) = | + +).

(b) If we assume that the singlet state |J, M) = |0,0) is a linear combination of

the states | + —) and | — +), then we have:

1. Normalization:

(0,0[0,0) =1 = (a"{+ = [+ (= +)a] + = + 5] = +))

= 1=laf*+[g)*




2. Orthogonality:

(1.0100) = 0 = ({4 = |+ (= +[)(al] + =) + 6 = )
— O=a+0
and so a = —[.
Using this constraint in the normalization conditions gives &« = — = %, thus
we recover the singlet state: |0,0) = 75 (| + =) — | = +))

10,0) =l + =) + 8] = +)

Using normalization of |0,0) and orthogonality with |1,0), show that o and 3
must give the proper singlet combination.



