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1. INTRODUCTION

It is an easy consequence of the Jordan canonical form that a matrix A € M,,.,,(C)
can be decomposed into a sum A = Dy + N4 where D, is a diagonalizable matrix,
N4 a nilpotent matrix, and such that DyNg = NaD4. It is clear that both Dy
and N, also commute with A. This decomposition is often referred to as the Jordan
decomposition and has found many applications throughout the years. For example,
it is not hard to see that computing powers of A is much simpler if we know its Jordan
decomposition. (The reader may refer to [1] for some of the recent applications of
this decomposition.)

It is “often” the case that if a matrix B commutes with a given matrix A, then B
is in fact a polynomial in A. This is indeed the case for the Dy and N4 described
above. A proof of this fact can be found in [3, §6.8]. The proof presented therein,
which perhaps can be best described as “semi constructive” as it invokes a fact about
polynomials that depends on the Euclidean algorithm, relies on the decomposition
of C™ into subspaces that are invariant under the operator induced by the matrix A.
The recent work done on this problem is much more technical and has focused on
finding fast algorithms to express D4 and N4 as polynomials in A (e.g., [1, 4]).

This article is devoted to an introduction and a new, computer-algebra-system
motivated, very elementary solution (acessible to an undergraduate with an upper-
division background in linear algebra) to the problem of expressing D4 and N4 as
polynomials in A. Specifically, we 1.) introduce the diagonalizable + nilpotent de-
composition; 2.) present a simple (perhaps the simplest so far as it relies almost
exclusively on the Jordan form and matrix algebra), constructive proof of the fact
that D4 and N4 can be expressed as polynomials in A; 3.) discuss some of the con-
sequences our proof; and 4.) state a few questions that arise from our construction.

We begin by stating the theorem whose proof will be our focus for the majority of
the article.

Theorem 1. Let A € M+, (C) and let A = Dy + Na be a decomposition of A
where D 4 s diagonalizable, N 4 is nilpotent and NaDay = DsNa. Then there exists a
polynomials p(x),q(z) € P(C) such that p(A) = N4 and q(A) = Da. Moreover, N4
and D4 are unique.

2. PRELIMINARIES AND A REDUCTION

Let us begin with a discussion of the decomposition central to this article. The
reader can refer to many linear algebra texts (e.g., [2, 3]) to see a development and

proof of the fact that any matrix A € M,+,(C) can be written in the form A =
1
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QJQ™', where Q € M,,(C) is invertible and J is a matrix in Jordan canonical
form. That is,

1
Jy,

mo 3
J)\Q

1
Ix,

Mg

where each Jordan block Ji is either a 1 X 1 matrix containing the eigenvalue \; or
a matrix of the form

No100- 0
0 A\ 1 0

J =
N1
Ai

This decomposition is unique up to rearrangement of the blocks.
It is evident that any one of the blocks J il can be written uniquely as the sum of a di-
A\, 01 0--- 0

agonal matrix DZJ = . and a nilpotent matrix Nij = O 1

by 0

The decomposition of J into such a sum is done in the same way block by block.

The matrix with the N/ submatrices along its diagonal is nilpotent because one can

M, 0

multiply matrices of the form M = where M; are submatrices of
0 My,

smaller size than M by multiplying the corresponding submatrices. We leave it to

the reader to check that the decomposition J = D; + N; into the sum of a diagonal

and nilpotent matrix is unique and that these two summands commute; we will call
Dj the diagonal part and Ny the nilpotent part of J.

The first reduction that we make is evident: if we can find p(z) as in the theorem,
then we can take ¢(z) = p(z) — z. Thus we may focus on finding p(x). (We note that
this approach is different than the one taken in [3] where they focus on finding ¢(x).)

If A=QJQ ', and J = D;+N; as described above, then A = QD;Q ' +QN,;Q~!
decomposes A into a sum of a diagonalizable matrix and a nilpotent matrix and these
two summands commute. The proof of Theorem 1 relies on showing that there is a
polynomial p(x) such that p(4) = QN;Q~!; once we have done this, we will be able
to show that the decomposition in the statement of theorem is unique. That is, that
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N4 = QN;Q~t. This will complete the argument. The existence of such a polynomial
is an easy consequence of a similar result for the nilpotent part of J. We state this
reduction as a lemma whose proof is immediate.

Lemma 1. Let A € M,y,(C) and let J be its Jordan canonical form such that
= QJQ'. Let J = Dj+ Nj be the decomposition of J into the sum of its
diagonal and nilpotent parts. If p(x) is a polynomial such that p(J) = Ny, then
p(A) = QN,;Q".
The existence of this polynomial p(z) for J is the key to our proof of Theorem 1.

3. AN EXAMPLE

The construction of a polynomial p(z) such that p(J) = N, is not hard and is
best understood via an example. In fact, after the example is well understood, the
existence of p(z) in general is apparent. Indeed, the construction was found by
using Mathematica to compute examples; at first the computations were ad-hoc, but
eventually a systematic method for computing p(x) was found.

To illustrate the construction procedure, it is best to use a large matrix. Let

A 10 0 0 O O O 0 O

0O A»x 1.0 0 0 0 0 0 O

0O 0 A 1 0 0 0 0 0 O

0O 0 0 X 0O 0O 0 0 0 O
J— 0O 0 0 0 A 1 0 0 0 O
|0 0 0 0 0 XN 1 O 0 O
0O 0 0 0 0 0 X O 0 O

0 0 0 0 0 0 0 X 1 0

0 0 0 0 0 0 0 0 X O

0O 0 0 0 0 0 0 0 0 X

The idea is first to produce a polynomial that will give the nilpotent part of J that
is present in the Jordan blocks corresponding to A\;. We then do the same for Ay, A3.
We begin our construction of p(x) by considering

1 2
O — 2200 — ) (@ = A)(@ — A2)"(z — A3).
When applied to J, this polynomial will get rid of the entries in the blocks corre-
sponding to Ag, A3. It gives us the 1’s in the nilpotent part of J contained in the
blocks corresponding to A, but also gives us entries that we do not want. Indeed,

p171(3:) =

0 1 di(1) di(2) 00 0 00 0
00 1 d(1) 00 0 000
00 0 1 00 0 000
00 0 0 00 0 000
00 0 0 01 d(1) 00 0
ral) =19 ¢ o 0 00 5)000’ (1)
00 0 0 00 0 000
00 0 0 00 0 000
00 0 0 00 0 000
00 0 0 00 0 000
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3N -Xp-2) _ 30 —2X-A

where di(1) = ~R 2GS @@) = w5
We now would like a polynomial p; o(z) such that py 1(J) —di(1)p12(J) will get rid
of the unwanted d;(1)’s. We take
1

p1,2($) = ()\1 . )\2)2(>\1 _ )\3)

It is not difficult to see that the extra (J — A\jI) factor will push all the entries up
one row:

(7 — X)) (z — Ao)? (2 — A3).

dr

—_
~—

p12(J) =

SO OO O OO OO
SO OO O OO OO
SO OO OO OO
DD DD DD DODO OO
SO DD DDODDODO OO

SO DD DD DODDOD OO O
SO DD DD DODDOD OO OO
SO OO OO OO OO

0
0
0
0
1
0
0
0
0
0

SO DODDODDOD O OO -~

(a]
o
o
(@]
(@]

Now, p1.1(J) —di(1)p12(J) only has an unwanted dy(2) — (d;(1))? in its 15" row 40
column. To get rid of it we use
1

p1,3(x) - ()\1 _ )\2)2(/\1 o /\3) (I - /\1)3($ - )\2)2(I - )‘3)7

because
0001000000
00000O0O0GO0O0DO
000000O0GO0O0DO
000000O0GO0O0O
100 00000O0GO0O
P =10 000000000
00000O0DO0GO0O0DO
00000O0O0GO0O0DO
00000O0O0GO0O0DO
00000O0O0GO0O0DO
Therefore, if we let py(z) = p11(z) — di(1)p1a(x) — (d1(2) — (di(1))?)p13(x), then

0100000000
0010000000
0001000000
00000O0O00O0O0DO
~lo0o00010000
=10 000001000
00000O0O0GO0ODO
00000O0O00O0ODO
00000O0O00O0OO
00000O0O00O0ODO
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We now repeat the process for the block(s) corresponding to A2. We note that only
one step is needed for blocks of size 2. We get
(=) 1
xT) =
PR e ) e — M)
There is no need to do anything for A3 because the (z — \3) in py(x) and py(x) will
zero out the diagonal entry for that block. (This is true in general for eigenvalues

having only one-blocks.) For the sake of the general procedure, we set ps3(z) = 0.
The polynomial we want is

p(x) = pi(x) + pa() + p3(z).

In this case, after some Mathematica simplification,

(l’ — /\2)(?E — )\1)4(1‘ — )\3)

(I’ — )\1) (Q? — )\2) (.CL' — )\3) (33' — )\2) ()\1 — )\2)2 4 (33' — )\1)3

ple) = (i — Ao M= A oy
(=2 (2= d) (n = do) (53N + Ao +2)
(M = As)”
(T = A)? (@ = Aa) (BA2+ X7+ 2203+ 307 — 40 (Ao +2)3))
(A1 = Ag)’ )

We note that the construction forces p(z) to contain as a factor the product of the
linear factors of the minimal polynomial of J.

4. PROOF THEOREM 1

We begin with a couple of lemmas from elementary linear algebra; the proof of the
first is left to the reader.

0 1 0o --- 0
0 O 1 0--- 0
Lemma 2. Let N = | : : | be an n X n matrix.
0o --.- 0 1
0 --- 0 0
. 1 j—i=k
) Fork>1, (N¥),, = ’
(i) For k 2 1, (N%)q {0 otherwise.
ay; - Qip
(ii.) Let A= | : | be any n x n matriz. Then
S Ann
Ak+1)1 *° Qk+1)n
kA _ an1 e Qnp,
NFA = 0 0
0 0
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In a matrix A = (a;;) we will call the set of elements {a;; : j —i = k} the k'
diagonal of A. The 0" diagonal will be referred to as the main diagonal.
Lemma 3. Let A = (a;;), B = (b;;) be n x n upper triangular matrices such that
ai; = Qgm and bj; = by, whenever j —i = m — k. Then AB = (¢;;) also has the
property that c;; = Cpm whenever j —i =m—k. That is, if A, B are upper triangular
and constant in each of their diagonals, then their product will be also. Moreover, if
A" = (aj;), B" = (bi;) are upper triangular n' x n' such that the k" diagonal of A = kth
diagonal of A" and the k' diagonal of B = k" diagonal of B' for all k that make
sense, then the k' diagonal of (AB) = k™ diagonal of (A'B’).

Proof. Let j > i and m > k with j —1=m — k.

J
Cij = E airbr]’.
r=1

By hypothesis, a; = ag—itr)y and byj = bj—r4m)m- Therefore,

j
Cij = Z Ape(r—itk) O(r—j+mym-

Let s=r—i4+k. Whenr =i, s=k;and whenr =34, s=j—i+k=m—k+k=m.
Also,r—j+m=s+i—k—j+m=s—(j—i)+ (m—k)=s. Thus

Cij = Z Qs bsm = Ckm- (2)
s=k

Equation (2) shows that the elements in the product matrix only depend on the
values in the diagonal entries and not on the size of the matrix. U

It is interesting (albeit not surprising) to note that the lemma is false without the
upper triangular hypothesis.

We now turn to the general construction of p(z).

The case when J is a diagonal matrix is immediate, because if we take p(x) to be
the minimal polynomial of J, then p(J) = 0, the nilpotent part of .J.

Let J € M,»,(C) be in Jordan canonical form

1
Jy,

mi
J)\l .
Jy,

J - ' ‘];\22 ’ (3)

Ty
where Aj, ..., A\, are the distinct eigenvalues of J, J ii, ceey J;Zi are the distinct Jordan
blocks corresponding to A;, and where at least one of the blocks is of length 2. We
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assume that the blocks are ordered so that J i is at least as large as any other Jordan
block corresponding to A;; let s; be its size. (The order of the blocks does not matter
for the proof, but it helps to understand the construction.)
Define
1

A=) Oa = )

pl,l(x) = ( (l’ — /\1)(33 — )\2)52 s (.T — )\q)sq.

We first note that
pn(J ,{1)

Jy
pl,l(J> - pll( A ) 0

0

This is because the product in p; 1(J) can be computed by multiplying the subma-
trices of the size of the Jordan blocks along the diagonal of J in each of the factors
of p11(J). For i > 2, the factor (J — \;)* will have zero submatrices in the posi-
tions corresponding to the Jordan blocks for A;. Therefore, p; ;(J) also will have zero
submatrices in these positions.

To compute py1(J5,), we write

i i (J5, —AeD)2 (S}, — Ad)™
Praldi) = (A =2 d) (A1 = Ag)* (A1 = Ag)*e

Ji =\
We will need to show that each of the % factors has constant diagonals. The

next lemma shows this and more as it gives a formula for the entries in the diagonals.

Lemma 4. For each 1, k,

1 bsk(1> bsk (2> o bsk (m - 2) bSk (m - 1)
0 1 b,(1) - o by (m—2)
(J5, — Al)™ - :
(A=A 1 b, (1) b, (2) | @
1 bs, (1)
1

(o
where bs, (7) = W J < Sk;
0 ] > Sk.

Proof. We argue by induction on sg. The base case is clear. Assume the result for
Sk = {.

1 Ali/\k 0 --- 0
1
(J;\ o )\kI)lJrl 0 1 A1—Ag 0 0
L = .. .. .. X
(A — Ap)Htt ' ) 1' 1
YDV
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0 1 b(1) - .- bi(m — 2)
1 bi(1) bl(:2)
1 bi(1)

The main diagonal of the resulting product is clear. Note that for ;7 > 4, the 4,7
component of matrix in (4), is bs, (j — 7). Therefore, we have to show that the i, j
component of the matrix resulting from the product above is b41(j — 7). The i,
component in the product is 1-b(j — i) + 5= - bi(j — i — 1). This expression is

) (A=)
computed in three cases:

( (Jlﬂ) + 1 (175—1) _ (étlz) =? ( s ) i<
a7 T Daa) a-ai 1 amagi g T JTr=h
! L+l o o
0+ (Ali)\k) ()\1(_];,:)7;‘17)1'71 = (Al(_J)legjfi = biy1(J — 1) Jg—i=1l+1
(0= b (j — 1) j—i>1+2.

4

Lemma 4 not only shows that the diagonals in each of the factors of py(J5))
are constant, but that the k" diagonal in the corresponding factor of plyl(Jf{l) and
pl,l(Jfgl) have the same constant entry. (The reader may want to refer to equation
(1) for an example of this observation.)

Using Lemmas 2 — 4, we conclude that

01 d(1) di(2) di(m—2) di(m—1)
00 1 d1) dy(m — 2)
pralJ,) = o T a4 | ®
0 1 dy (1)
0 1

where d; is a function independent of i. That is, the k" diagonal in pljl(Jf\l) =
pr1(J3,) for any two 4,i" € {1,...,mq}.
We now define

(2) = !
P12(X) = ()\1 _ )\2)52 . (/\1 _ /\q)sq

(CL’ - >\1)2(l‘ - )\2)32 ces (l’ _ )‘q>sq-
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Using Lemma 2, we see that

0 0 1 d(1) -+ di(m—3) di(m—2)
00 1 d() -  d(m—3)
pia(dy,) = 0 1 dy(1)

0 1

.. 0

0

In general, we define
1

() = ( (= X) (2 = Ag)™ - - (= Ag)™.

A =) (= A

Lemma 2 shows that p; x(J5,) will have 1’s in its k&*" diagonal, d(1) in its (k + 1),
di(2) in its (k + 2)"™, etc. We define

pi(x) = pra(@) — a1 (@)pra(z) — a1 (3)prs(@) — - —oals1 — Dy -(2),  (6)

where « is a function defined recursively by
041(2) = d1<1),
a1(3) = —aa(2)di(1) + di(2),
a(n) = —ar(n—Ddi(1) — ar(n—2)ds(2) — - - — ar(2)d(n — 2) + di(n). (7)

This polynomial has been constructed so that pl(J/(l) will be the nilpotent part
Nj, of Jj, for each i. Hence,

1
NAI

mi
Ny

0

In a similar fashion, we construct polynomials py(z) for each Ay having a block of
at least size 2. If \; has only one-blocks, then we let p;(x) = 0. Finally, we let

p(z) = ().

The construction guarantees that p(J) = N, the nilpotent part of J.

The hard part is over. We have shown that if J is the Jordan canonical form of A
such that A = QJQ~!, and J = D;+ N; where D} is diagonal and N nilpotent, then
there exists a polynomials p(z), ¢(z) such that p(4) = QN;Q ' and q(A) = QD,;Q 1.
To complete the proof of the theorem, we only need to show that the decomposition
in the hypothesis is unique. That is, that any D4 and N4 are in fact QD;Q!
and QN Q! respectively. (We note that decompositions A = D4 + N4 where the
nilpotent and diagonalizable matrices are not required to commute are not unique.)
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Lemma 5. Let A € M,,x,(C) and let J be its Jordan canonical form such that A =
QJQ7 L. Let J = Dj+ N; be J’s decomposition into the sum of a diagonal matriz D
and a nilpotent matrixz Nj. Suppose that A = D+ Ny is a decomposition of A where
Dy is diagonalizable, N4 is nilpotent, and DyNy = NaDy. Then Dy = QD Q71
and Ny = QN;Q 1.

Proof. We can write A = QD ;Q ' +QN;Q . The construction shows that there ex-
ists polynomials p(z), ¢(z) such that p(A) = QN;Q ' and q(A) = QD Q™. Since Dy4
commutes with A, it commutes with QD ;Q~!; and since N4 commutes with A, it com-
mutes with QN;Q~!. In particular, we can find an invertible matrix P that simultane-
ously diagonalizes D4 and QD ;Q1; that is, PD,P~" and P(QD;Q~')P~" are diag-
onal [3, §6.5]. Therefore, PDsP~'+ PN,P~' = P(QD;Q ") P~'+ P(QN,;Q ") P~ L.
Because, QN;Q ! and Ny commute, P(QN;Q~1)P~'—PN,P~! is nilpotent. Hence,
PD4P~'—P(QD;Q')P~!is both diagonal and nilpotent; therefore it must be zero.
Therefore, Dy = (QD;Q ') and Ny = (QN,;Q71). O

5. OTHER OBSERVATIONS

Theorem 1 allows us to make the following definition.

Definition 1. Let A € M, ,(C) and write A = D4+ N4 where D, is diagonalizable,
N, is nilpotent, and DyNy = NaDy. We call Dy the diagonalizable part and Ny
the nilpotent part of A.

Theorem 1 gives an immediate (albeit slight) improvement of the well known linear
algebra result used in the proof of Lemma 5.

Corollary 1. Let A, B € M,,«,(C). If AB = BA, then the diagonalizable parts of A
and B are simultaneously diagonalizable.

Proof. The diagonalizable parts of A and B are polynomials in A and B respectively.
Thus, they commute and are simultaneously diagonalizable. U

The converse of the corollary is false; one can find a counter example in Msyo(C).
It is not clear that the construction presented herein produces the “simplest” poly-
nomial with the desired property. The next theorem proves that it does.

Theorem 2. Suppose that A € M,«,(C) is not a diagonalizable matriz. Then the
polynomial p(x) constructed herein is the polynomial of minimal degree such that
p(A) = Ny, the nilpotent part of A. (If A is diagonalizable, then its Jordan canonical
form is diagonal, and p(x) is the minimal polynomial of A. Thus it is unique up to a
constant multiple.)

Proof. We assume that A € M,,,(C) has Jordan canonical form as in (3); its Jordan
canonical form has at least one block of size > 2. Suppose p(x) is the polynomial given
by our construction and that r(z) is another polynomial such that r(A) = p(A) = Na,
the nilpotent part of A. Since r(A)—p(A) =0, r(z)—p(z) is a multiple of the minimal
polynomial of J. The minimal polynomial has degree s; +so+ -+ -+ s, [3, §7.1]. Our
construction gives a polynomial of degree at most s; 4 sy + -+ - 4+ s, — 1. Therefore,
degree(r(x)) > degree(p(z)). O
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q
The construction shows that the polynomial p(z) always will have H(x —)\) as a

=1
factor. We can say a bit more. We state the next result without our fairly easy proof.

Corollary 2. Let A € M,x,(C) and let p(x) be the polynomial of minimal degree
such that p(A) = Ny, the nilpotent part of A. Then
q
p() = ([T =) s,
i=1
where A1, ..., N, are the distinct eigenvalues of A and such that s(x) is relatively prime
to m(x), the minimal polynomial of A.

6. POSSIBILITIES FOR FURTHER WORK

The construction presented herein does not provide a closed form formula (in terms
of the eigenvalues and size of the blocks) for the polynomial p(z). Does one exist in
general? We have been able to find such a formula for certain very special cases (e.g.,
for matrices with only Jordan one- or two-blocks). It would be interesting to find a
closed form formula for p(z) for other “uniform looking” J’s. The problem reduces
to finding the s(z) in Corollary 2.

An easier problem is to find the recurrence (7) in terms of the eigenvalues of the
matrix and the size of its Jordan blocks. We have been able to find it for matrices
with two eigenvalues: A\; with blocks of size 1-3 and Ay with arbitrarily large blocks.

It would be interesting to analyze the “expense” of the algorithm for computing
p(z) presented herein. Theorem 2 shows that our p(x) is the polynomial that we are
after. Is there a faster way to get to it than via our construction? (We note that we
are asking the question in the case where we know the Jordan form of A.)

Although all the results presented herein are stated for matrices in A € M,,,(C),
the arguments are true for matrices in M,,«,(F), where F is a field over which the
characteristic polynomial of A splits (e.g., algebraically closed). Is the construction
or formula for p(x) easier over other fields? Suppose that A € M, (R) but that at
least one of its eigenvalues is in C. When (if ever) is the polynomial p(z) in P(R)?

As mentioned in the Introduction, the semi-constructive proof of Theorem 1 given
in [3] relies on the Euclidean algorithm applied to certain polynomials. How is our
construction related to (perhaps equivalent to) the Euclidean algorithm for these
polynomials?
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