
Project Question: A worm is crawling on an elastic band that is twenty inches long.  Each day the worm crawls one inch.  Each evening, a boy stretches the band ten inches (moving the worm some too).  Does the worm ever reach the end of the band?  If so, how long does it take him?  If not, why not?


In order to find a solution to whether or not the worm would reach the end of the band, we began by settling on our interpretation of the question.  We made the following assumptions about the problem:

1) The worm has no length.

2) The elastic is fixed at one end.

3) The worm begins its journey at the fixed end crawling toward the end being pulled.

4) The band stretches uniformly.  That is if the band is stretched one and a half times its length, each inch is stretched to an inch and a half.

5) The band is stretched after the worm crawls his one inch for the day.

6) The band adds 10 inches to its length from where it ended the previous evening (i.e. It never returns back to the previous length).

Initially when we read this problem, our reaction was that it did not make sense that the worm would ever make it to the end since the band always seemed to be increased by more than the distance the worm crawled.  However, we felt that in order to get any understanding of what was really going on, we needed to generate some data to interpret.  Thus, we began by making a table of the day, the length of the band at the beginning of the day, the length of the band at the end of the day, the location of the worm at the beginning of each day, the location of the worm after crawling his inch each day, and the location of the worm at the end of each day after he moved with the stretching.

	Day (d)
	Band Length at end of previous day/start of day d.  

(L[d-1])
	Band Length at end of day d.

(L[d]) 
	Worm Location at end of previous day/start of day d.

(W[d-1])
	Worm Location after crawling 1 inch.

(W[d-1] + 1)
	Worm Location at end of day d.

(W[d])

	1
	20
	30
	0
	1
	1 ½

	2
	30
	40
	1 ½
	2 ½
	3 1/3

	3
	40
	50
	3 1/3
	4 1/3
	5 5/12

	4
	50
	60
	5 5/12
	6 5/12 
	7 7/10

	5
	60
	70
	7 7/10
	8 7/10
	10 3/20

	6
	70
	80
	10 3/20
	11 3/20
	12 26/35

	7
	80
	90
	12 26/35
	13 26/35
	15 129/280


After looking at the first several days in the table, we noticed that each day the worm seemed to be a larger percent of the way there, or that 
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 was increasing.  Thus, we began to think that the worm might make it to the end.  However, in order to find that the worm would make it, we needed to find where 
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, or where W[d]=L[d].  From the table, we were able to come up with several equations.  The worm’s location at the end of a given day, W[d], is given by 
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.  The length of the band at the end of a given day, L[d], is given by both 
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10d  + 20.  The band’s length at the beginning of the day, L[d-1], is given by 10d + 10.  

Once we had equations for the length of the band and the location of the worm on the band for a given day, we wanted to set the two equations equal to each other and solve.  However, being that we could only find recursive formulas for the worm’s location, we were stuck.  Thus, in order to decide whether or not the worm would ever make it to the end, we turned to the computer.  In Excel, we were able to use our recursive equations and dragging the columns in order to discover that around 33,616 days the worm would make it.  

Unfortunately, the answer that we got from Excel was not exact in that the computer used decimals and rounded.  Also, we were not able to get a very deep understanding of why the worm was making it mathematically by allowing the computer to do most of the work.


Once we knew that the worm was going to reach the end, we wanted to know why.  Our first question we had was whether or not it was important that the worm moved some too when the band stretched.  It seemed that if the band was stretching by a factor of 
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, that the stretching would eventually become insignificant.  Thus, we decided to look at this simpler case, a case in which we had a non-recursive formula for W[d], in order to see what would happen.  Again, we first used the computer to investigate this case.  If the worm did not move with the stretching, instead it just crawled one inch each day, then the worm’s location on day d would just be equal to d.  So, on the computer we added a column to our spreadsheet that gave us 
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.  As long as we dragged this column, it never went past 1/10.  Thus, we decided to investigate the mathematics behind this result.

Theorem: If the worm does not move with the stretching of the band, the worm will never get beyond 
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 of the way to the end.


Proof:
Taking the limit of 
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as d approaches infinity gives us the limit as d goes to infinity of 
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.  This limit is equal to infinity over infinity, and hence, by L’hopitals Rule, it is equal to the limit as d goes to infinity of 1/10.  Thus, the limit of 
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 as d approaches infinity is 1/10.  So, the worm will only make it one tenth of the way to the end of the band if it does not move when the band stretches.


After this discovery, we knew that the worm was only going to make it if the worm moved with the stretching of the band.  So, our new goals were to answer the original question of when the worm would make it mathematically and discover what role the stretching factor of 
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 played in helping the worm reach the end.


Our first approach to finding when the worm was going to make it was to look at the equation W[L[d]].  We thought if we could find this equation, then we could find what day the worm reached the end of the band on because the derivative of this equation, or the slope, would tell us 
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.  When this ratio was one, that is when the worm’s location was equal to the length of the band, we figured the worm would make it.  After many failed attempts at bounding the equation W[L[d]], we decided to change our approach.


Since the goal is to show that the location of the worm eventually equals the length of the band, or
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 is one, we decided to focus on this equation and not worry about the fact that we do not have a non-recursive formula for W[d]. 

Theorem: The worm will reach the end of the band assuming (1) the worm has no length, (2) the elastic is fixed at the end where the worm starts, (3) the band stretches uniformly, (4) the ten inches are added after the worm crawls his one inch for the day, and (5) the rope never goes back to its previous length.

Proof:
To prove that the worm reaches the end of the band, we must show that the location of the worm is equal to the length of the band, or that 
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 and that 
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.  Hence, 
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.  Thus 
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.  So, 
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.  Recall that L[d-1] is the length where the band ended the previous day and also the length where the rope began day d.  So, we can write R[d] for the first several days.




R[1] = 1/20




R[2] = 1/20 + 1/30





R[3] = 1/20 + 1/30 + 1/40 

Thus, we can see that 
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Now, we must show that 1 ( R[d].  To do so, we must show that 
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 is at least 10.  Looking at the terms in R[d], we see that the first term is 1/2.  The sum of the next two terms, 1/3 + ¼, is greater than 1/2 because 1/3 is greater than 1/4 and 1/4 + 1/4 = 1/2.  Looking at the sum of the next four terms we see that 1/5 + 1/6 + 1/7 + 1/8 is also greater than 1/2 because 1/8 is less than 1/5, 1/6, and 1/7 and 1/8 + 1/8 + 1/8 + 1/8 = 4/8 = 1/2.  Continuing on in this pattern, we see that the sum of each group of terms between 
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 is greater than 1/2.  Thus, this sequence will continuously grow by 1/2, and thus is not bounded above.  So, 
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 is greater than 1.  Thus, the worm will eventually make it to the end of the band.

Note: At this point it is also important to note that this proof shows us why it is necessary that the worm moves some too when the band stretches.  If the worm’s location is not adjusted in the same proportion as the band stretches, we do not get the cancellation in the equation for R[d] that was essential for the divergence of R[d]. 

Now that we know that the worm makes it, we must answer the question of on what day.  To do so, we will find an interval in which the day is located by finding an upper and a lower bound for R[d].  The upper bound of R[d] will give us a lower bound for the day that the worm makes it while the lower bound for R[d] will give us an upper bound for the day that the worm makes it.
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Upper Bound of Day Interval: 2,097,151 days

Proof:
From our proof that the worm makes it, we already have a lower bound for R[d].  The series that we used in the above proof, 1/10(1/2 + 1/4 + 1/4 + 1/8 + 1/8 + 1/8 + 1/8 +…) is a lower bound for R[d].  Thus, when this series equals 1, that is when W[d] = L[d], we have an upper bound for the number of days it takes the worm to reach the end.  Since 1 = (1/10)(10), we need 1(1/2) + 2(1/4) + 4(1/8)… to equal 10.  Thus, we need to add 1/2 twenty times.  Hence, the number in the denominator of the fraction in the twentieth term of the sequence, (1/10)(1(1/2) + 2(1/4) +…), for the lower bound of R[d] will tell us the upper bound for the number of days.  The denominator in the twentieth term in the above sequence is 221, which is 2,097,152.  Multiplying by 10 so that we have the number in the actual lower bound for R[d] we have 20,971,520.  From our equation for R[d], R[d] = R[d-1] + 1/(L[d-1]), the number 20,971,520 is the number in the denominator of the last term in the sequence for this particular R[d] and is thus equal to L[d-1], the length of the band at the beginning of day d or the end of day d-1.  So, L[d-1] = 20,971,520 =  10d +10.  Solving for d, we get that d = 2,097,151.  Thus, at the end of the 2,097,151st day, the worm is guaranteed to have made it.


Lower Bound of Day Interval: 22,026 days

Proof:
In order to find the lower bound of the day interval, we will start by proving an upper bound for R[d].  Our claim is that 
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is an upper bound for R[d] where R[d] equals 
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.  Thus, we need to show that 1/2 + 1/3 + 1/4 + … + 1/(d + 1) is less than ln(d + 1).  In order to do this we will start by writing ln(d +1) as 
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.  Now, recall that an integral is a representation of the area under a curve.  So, we will look at the graph of 1/x and the area under this curve between 1 and 

d + 1.
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In the above graph, we divided the area under 1/x into rectangles with areas 

(2-1)(1/2), (3-2)(1/3),…, 
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.  Thus, adding up the area under 1/x as estimated by our rectangles we get 1/2 + 1/3 + … + 
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.  Hence, we need to show that this estimate for area is an under estimate of the actual area under the curve of 1/x.  In order to show that the summation of the area of rectangles gives us an under estimate, we will show that the area between 1/x and the rectangles is greater than or equal to zero.  The area between 1/x and the tops of the rectangles can be found by integrating.  The area between 1/x and the top of the rectangle between x = 1 and x = 2 is given by 
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.  This integral must be greater than or equal to zero because x can only take on values between 1 and 2, all of which make 1/x greater than or equal to 1/2.  Similarly, the area between 1/x and the top of the rectangle between x=2 and x = 3 is given by 
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.  This integral again is greater than or equal to zero because x can only take on values between 2 and 3, all of which make 1/x greater than or equal to 1/3.  Computing a similar integration for each interval of length one between 1 and d + 1 gives us that the total area between 1/x and the top of all the rectangles is 
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Now that we know the upper bound for R[d], we can use it to get a lower bound for the interval of days in which the worm reaches the end of the band.  To find this lower bound of the days, we want to know when 
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 equals 1.  So, solving for d in this equation, we get ln(d + 1) = 10.  Thus, d + 1 = e10.  Hence, d = (e10) – 1 which is 22,025.466.  Thus, the worm will make it no sooner than the end of the 22,026th day.


Now, we not only know that the worm, under our original assumptions, will reach the end of the band at some point, but we also know that it reaches the end between 22,026 days and 2,097,151 days.  Although this is a large interval, we have an approximate idea of when the worm actually makes it from our Excel spreadsheet.  This method of calculation told us that the worm would make it to the end of the band on the 33,316 day, which is a number in our interval.  In fact, this number implies that our upper bound of R[d] is a closer approximation of R[d] than is our lower bound since the lower bound for the number of days it takes the worm appears to be closer to the actual number than does the upper bound of the days.


Knowing that the worm would make it to the end only if the worm moved some too when the band stretched was interesting, but we were now curious to know if the amount of stretching also played a significant role in the worm reaching the end.  Thus, we decided to look at the case where all are original assumptions held true, but instead of the band increasing by ten inches each night, it was stretched by one hundred inches each night.  We tried to use Excel like we had for the ten inch case, but it was taking to long for the worm to make progress.  However, we believed the worm would make it.  We guessed that it was probably just taking him a longer time.  So, we decided to look and see if mathematically we could show that the worm would make it to the end.

Theorem: If the band stretches by 100 inches instead of 10 inches with all other assumptions staying the same, the worm will make it to the end of the band.


Proof:
First, we need to find an equation for R[d] in this case.  To do so, we need to find equations for W[d] and L[d].  In this case W[d], the worm’s location at the end of day d, is the worms location at the end of the previous day or beginning of day d plus the one inch he crawls and this sum is then multiplied by the stretching factor.  L[d], the length of the band at the end of day d, is the length of the band at the end of the previous day or start of day d multiplied by the degree to which it is stretching.  We will call how much the rope stretches, the stretching factor, S.  So, W[d] = (W[d-1] + 1)(S and L[d] = L[d-1] (S.  Thus, R[d] = 
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.  Hence, we need to know what L[d-1] is for any given day.  To do so, we can look at the pattern of lengths: 20, 120, 22, 320, …  So, 
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 looks like 1/20, 1/120, 1/220, …  Hence, R[d] = (1/20)(1 + 1/6 + 1/11 + …).  Thus, in order to show that R[d] is equal to 1 at some point, that is to show that the worm reaches the end of the band, we must show that 1 + 1/6 + 1/11 + … eventually gets to be at least equal to twenty.  So, if we can show that 1 + 1/6 + 1/11 + 1/16 + … diverges, that is if 
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diverges, we will have that the worm makes it to the end of the band even if it stretches 100 inches each night.  So, we will use the Integral Test to check this series for divergence.  Evaluating 
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.  However, plugging 1 in for x gives us 0, and (1/5)ln(5x-4) as x goes to infinity is infinity.  Thus, this integral goes to infinity, and hence 
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 diverges.  Therefore, (1/20) times this sum diverges, and thus the R[d] is eventually greater than or equal to 1.  So, we know that W[d] will equal L[d] at some point, which tells us that the worm reaches the end of the band even when it stretches 100 inches each day.

At this point, we have answered all of our original questions and a few that arose along the way. We know that the worm makes it to the end of the band in a given interval of days and have a closer approximation from the Excel spreadsheet.  We know that the worm must move with the stretching, and if the worm moves with the stretching of the band, then the amount the band stretches, the ten inches, is not a special number.  There are other amounts, namely 100 inches, which the band can stretch by and still the worm will reach the end.  However, if the worm’s only progress consists of the distance that he actually crawls, that is he does not move with the stretching of the band, then he will never get beyond 10% of the way to the end.   

Now, after working through the worm problem, we can reflect on some of the math skills that high school students possess that we have used to solve the problem. The first skill that we used in solving the worm problem was our ability to make a table of data and derive equations from that data.  This skill is something that on a more basic level than in the problem can be done in a high school classroom.  For example, students may be presented with a table of data similar to the following:

	Day
	1
	2
	3
	4
	5
	6
	7
	8
	9
	10

	Progress
	10%
	
	
	
	
	
	
	
	
	100%


From this table, students may be asked to fill in the missing data and write an equation such as % = 10d.  A similar problem could also consist of making their own table and writing an equation for the data in the table when simply presented with a word problem.  For example, students may be given a problem where they are told that an individual needs to make a 275-mile trip.  If the individual’s car has a gas tank that holds 13 gallons of gas and he gets 23 miles per gallon, will the person make it on one tank of gas?  To solve this problem students could make a table with gallons of gas used and miles traveled.  They could also write an equation from their data.  Thus, in examples similar to the ones above, the skills of creating tables and finding patterns in the data could be presented in just about any high school classroom.


Another skill used in the solution to the worm problem was bounding equations.  This skill is also something that could be taught in a high school classroom.  For example, students could look at equations like y = x2 and see that y = x is a lower bound while y = x3 is an upper bound for positive values of x.  They can also look into what coefficients do in bounding.  For example, they could see how y = 2x2 is bigger than

 y = x2 while y = (1/2)x2 is always smaller.  Discussions about how to find upper and lower bounds for these types of equations could definitely be taught in the high school curriculum.


One other skill that we used in solving the worm problem was to estimate the area under the curve 1/x.  Although students would not be introduced to integrals in most high school classes, they could certainly estimate areas geometrically.  For example, we could estimate the area under the curve of 1/x between two numbers, say 1 and 5, geometrically by drawing rectangles, which are figures that all high school students should be able to calculate the area of.

There are different ways this problem could be solved by students in a high school classroom.  We have chosen one way we would present it to our class if we chose to use this problem.  The way we have built the lesson would probably work best in higher Algebra since the students need the following prior knowledge: they should be familiar with spreadsheets including how to use the formula option, they should know how to build a table from scratch, they should know how to find equations from patterns in data. If they have this as prior knowledge, solving the problem could take up to two class periods.  The lesson has four objectives that the students should reach while solving the problem:

1. To make a chart using the computer and the equations they have come up with.

2. Find what columns are needed in the table to help the students find the answer.

3. Calculate how the stretching effects how far the worm moves in a given day.

4. To be able to reflect on why the worm makes it especially if the students thought the worm would never make it.

First, we would have each student find a partner and with this partner they should discuss if they think the worm will ever reach the end of the band.  Then, on a piece of paper to be turned in, they should explain why they think the worm will or will not make it.  On this paper they should also include assumptions they have made about the problem, for example one side of the band is fixed while the other is where the boy stretches it.  Next, the groups need to decide what columns should be in the table and create equations to use for each of these columns.  They should have something like the following for each column: the day, the starting length of the band, the ending length of the band, where the worm begins, where the worm is after crawling one inch, and where the worm ends after the stretching.  Before the students start entering the columns in the spreadsheet the teacher should check each group to see if they have all the columns the students need to solve the problem and that their equations are correct.  Then the student can enter all the information and drag the columns down far in enough to find the day where the placement of the worm on the band matches the length of the band.  The last thing the student would need to do is write about why it make sense to them that the worm reaches the end and how this differed from what they thought at the beginning. They should also explain how they used the spreadsheet as a tool to help them answer the question and what other ways they could have solved the problem. 


This problem would be a nice way of teaching the students how to explain a math problem in words.  The problem does help the student use skills in making tables and generating equations, but it helps more in challenging the student to test his intuition when deciding whether the worm makes it or not.   Then they can reflect on why they thought the way they did and what happened to their decision when they found out that the worm did make it.  The most important parts to this lesson were the beginning writing assignment and the end writing assignment because this is where students can share how they are thinking.  Using both of these assignments the teacher can assess what the students really learned in doing this problem.  


This problem could be incorporated into a lower level high school math class by having the teacher handed out an unfinished table.  From the table the students could find patterns to help them come up with what formulas should be used for each column in the spreadsheet.  Math is not the only place this problem could be given either.  A computer class could solve this problem just as long as the students have some mathematical background on building tables.  This problem would be a nice way to cross curriculum in math, English, and computers.

Not only does this problem use mathematics in its solution that allow it to be taken to a high school classroom, but also the recognizable pattern that allowed us to solve whether or not the worm ever makes it, the harmonic series, is a fundamental series that is found in many other natural settings.   This series is tricky because at first glance, it seems obvious that it should converge to zero, but at a closer inspection of the partial sums, it clearly diverges to positive infinity.  After recognizing this series, we were able to go in new directions and really explore other areas where the harmonic series appears. One of the most readily discussed, or understood, places that the harmonic series shows up in is music.  More specifically, the harmonic series arises in connection with the overtones produced by a vibrating string.  Using the Internet as a resource for research on the subject, we found much information related to the harmonic series in music.  In music, the harmonic series is made up of the different natural frequencies of a vibrating string and musicians refer to different harmonics, such as the 5th harmonic.  They define the harmonic series to be “the sequence of frequencies which is all whole number multiples of any particular fundamental frequency.” (Canright, source 1) Then, the sound of the fundamental frequency would just be the sound of an open string.  The second harmonic is twice the frequency of the fundamental, so it is just an octave higher, which means it is the same tone, but just at a higher pitch.  To change the octave, you have to double the frequency because it is like going through the scale one entire time.  For [image: image1.wmf]]
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example, from b to the next octave b, you would go b-c-d-e-f-g-a-b as your pitch gets higher.  

The third harmonic is three times the fundamental, so it is a new sound, and it is strong and easily recognized (since it is not a different octave of the fundamental).  Musicians will call this harmonic “a perfect fifth” because of this.  Pythagoras believed the number three meant divinity, so he also believed that the third harmonic represented musical perfection, and he built his whole musical system on this interval.  The fourth harmonic is just double of the second harmonic, so it is another repetition of the fundamental.  The fifth harmonic is another prime, so it too is a new tone, and musicians call this one “a major third”.  (Who knows why a fifth is a third and a third is a fifth.)  From there it goes on in much the same way, we could go up the whole scale.  It is interesting to see how other areas use the harmonic series in such a different way, but all the time, using the underlying principle of the series, and mathematics. (Canright, source 1) 


Series such as the harmonic series occur in many natural settings.  The key to solving the worm problem was finding whether the series for R[d] converged or diverged.  At first glance, one may not expect the worm to make it to the end just as when first looking at the harmonic series it is not obvious that it will diverge. Although the use of series is central to solving the problem, there are many other math skills along the way that we could present in a high school classroom.  Using these skills and technology, high school students could gain a general understanding of the problem.


Working on a challenging problem with vague direction gave us a chance to see what mathematical research is like.  There were many directions we could have gone in with this problem, and often we had to decide what it was we were trying to solve or what we were interested in knowing.  We also had to learn that we can not expect answers overnight.  Sometimes the path one takes in solving a problem leads to a dead end, but without testing the options the answer will never be found.
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