Solutions and Comments
Homework 4

[15/17] Suppose a, b, and ¢ are integers such that \/a + /b = \/c. Show
that \/ab, Vvac and Ve are all integers. Using this, show that there exists
an integer d such that \/a = a'\/d, Vb = V\/d, and /¢ = ¢vd with d', V,
and ¢ all integers.

Suppose a, b, and c are as above. Then squaring both sides of the equation
Va++/b = /cyields that a+2vab+b = c. Consequently, 2v/ab =c—a—b
is an integer. Moreover, vab = (c — a — b)/2 is a rational number. Squaring
again, we obtain that ab = M, and as ab is an integer, it follows that
4 divides (¢ — a — b)?. Thus (¢ — a — b)? is even (is divisible by 2), so that
Euclid’s Lemma implies that 2 divides ¢ — a — b, and hence vab = %‘b is
an integer.

To see that y/ac is an integer, we could use a similar argument on Vb =
Ve — +/a, or we could do the following based on having already done the
above argument (thanks to many students on this one): Multiplying both
sides of v/a + Vb = \/c by \/a, we obtain that /ac = a + vab. As a and
Vab are both integers, and thus their sum is also an integer, implying Vac
is an integer. One similarly obtains that v/be is an integer.

For the second part, we need to actually define o/, V', ¢, and d. Let

k kr,
= pi'...p)0,
b = plll...pl,{‘, and
c = pi"t..pom

be the prime factorizations of a, b, and ¢ where all the p;s are prime, and the
k;s, l;s, and m;s are all non-negative integers. Define

a = p[lkl/z] . .pﬂ“”ﬂ],
yo= pi/A pl/2 and
¢ = pm/A _plmn/2,

We then define d, = %, dy = b%, and d. = 3, so that it would suffice
to show that d, = d, = d. as we could then choose d = d,. In the prime
factorization of d,, the prime p; appears to the power k; — 2[k;/2], which is
0 if k; is even and is 1 if k; is odd. Similarly, in the prime factorization for
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dy, the prime p; appears to the power [; — [l;/2], which is 0 if /; is even and
is 1if I; is odd. As v/ab is an integer, it follows that ab is a perfect square so
that every prime is raised to an even power. But the prime p; is raised to the
power k; + [; in this product, which is even if and only if k; = [; modulo 2,
which is to say if and only if both are even or both are odd. Consequently,
p; is raised to the same power in both d, and d,. As p; was an arbitrary
power from the prime factorization of these, it follows that d, and d;, have
the same prime factorization and are thus equal. A similar argument shows
that d. = d,.

[17/19] There is a slightly different proof for the irrationality of 7 given
by Ian Stewart, which we outline here. Suppose 7 = # with a and b positive
integers. Let

+1
I, = / (1 — 2*)" cos(ax)dz.

-1
1. Use integration by parts to express oI, in terms of 4n, I,,_;, and I,,_s.
Letting u = (1 — 2?)" and dv = cos(ax)dr, integrating by parts once
implies for n > 1
o?l, = A([(1—2H"(1/a)sin(az)],
/:1 n(—2z)(1 — 2*)" ! sin(ax)dr)

1
a
+1

= a/ n(2z)(1 — 2%)" *sin(az)dz).
-1
Integrating this by parts with v = z(1 —2?) and dv = sin(az)dz, yields
for n > 2 that

o’l, = aflz(l—2)""(~1/a) cos(az)]!,
—1

+1
—— | (n(n = 1)2z)(=22)(1 - 2*)"" + 2n(1 — 2*)""") cos(ax))da)

= (—4n(n—1)) /_:1 2%(1 — 2?) cos(ax)dzx
+ 11 2n(1 — 2?)" ! cos(ax)dx
_ .
= (—4n(n — 1))/ 2%(1 — 2?) cos(ax)dz + 2nl,.
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Now,
1 1
I 1 — 1, 5= / (1 — 2?)" ! cos(ax)dx — / (1 — 2*)" % cos(ax)dx,
1 -1

and combining the integrals and factoring out (1 — 22)"~2 cos(ax) out

yields

I,y —1, 5 = /11((1 —2%) = 1))(1 — 2% 2 cos(ax)dx
= /1 (—2?)(1 — 23" 2 cos(ax)dw.

-1

Using this in our formula for o?1,,, we obtain:

o’I, = (n(n—1))(Tn-1 — In_2) + 20,
= (n(dn+2))L,_1 —4n(n — 1)1, .

. Use induction on n to show that
", = nl(P, sin(a) + Q, cos(a)),

where P and () are polynomials in o of degree less than 2n + 1 with
integer coefficients.

We will use the strong form of mathematical induction. Namely, we
need to show the result for Iy and I;, and then show for all n > 1, that
if the result is true for I,,_; and I, then the result is true for I, ;.

A quick calculation shows for n = 0 that
1
aly = / cos(ax)dr = sin(a) — sin(—a) = 2sin(«).
-1

Thus, choosing Py = 2 and Qo = 0, we have that aly = 0!(Fysin(a) +
Qo cos(a)), where the degree of P is 0.

Using our result from the first part, we know that

AL = o /+1(2$) sin(az)dz)

-1

= o ([(Qx)(—l/oz) cos(ax)]", +2(1/a) /_11 cos(omc)dx)
= —4dacos(a) + 2[sin(ax)],

= 4sin(a) — 4o cos(a).
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Thus, choosing P, = 4 and )1 = —4a, we have that the result holds
for n = 1.

Fixn > 1, and assume that o**~11,, ;| = (n—1)!/(P,_ sin(a)+Q,_1 cos(a)),
where P,_; and (),,_; are polynomials in « of degree less than or equal

to n — 1, and assume that o®" ™11, = n!(P,sin(a) + Q,, cos(a)) where

P, and @),, are polynomials in « of degree less than or equal to n. Using
our recurrence relation from part one, we have

n+1)+1 g . 2n+1(
n

a2]n+1)
= (n+ D@0 +1)+2)a* L, —4(n+ Dna?a® 1,
= (4n+6) - (n+1)(n!)(P,sin(«) + @, cos(a))

—40* - (n+ )n((n — 1)N)(P,_1sin(a) + Q.1 cos(a)),

062( = «

where we used the induction hypothesis on the last step. Gathering
(n 4+ 1)! terms, this is equal to:

(n+1)! (((4n +6)P, — 4042Pn,1> sin(a) + ((4n +6)Q, — 4042Qn,1) cos(a)) :

Taking P,.1 = (4n+6)P,—4a?P,_; and Q11 = (4n+6)Q,, —4a*Q,_1,
we have that P, and (), 1 are polynomials in « of degree less than
or equal to the maximum of deg(P,), deg(Q,), deg(P,_1) + 2, and
deg(Q,_1 + 2). From the induction hypothesis, each of these is less
than or equal to n + 1, so that we have the result for n + 1. Thus by
the principle of mathematical induction, the result holds true for all n.

. Set a = /2. Letting J,, = a®*"™'I,/n!, show that J, is an integer and
that 0 < |J,,| < 2a*"™!/n!.

The proof of this will take two steps. First we need to see that .J, is
an integer, and second we shall show the inequality. As o = 7/2 in
this case, cos(a) = 0 and sin(«) = 1. Thus, by the previous problem,
a® [, = nlP,, where P, is a polynomial with integer coefficients of
degree less than or equal to 2n + 1. Since oo = a/b, it follows that

Jp = a0l = 0> D,
Now, since P, is a polynomial in «, we can rewrite P, as

Pn = do + de + dQCl/Q + ...+ d2n+1a2n+1,
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where the d; are all integers. Plugging o = a/b, we obtain that

6L2 a2n+1

+...+d2n+1—

n n a
VP, = b (do 4 dy - + dy pnit):

b b?

Distributing the 5*"*! term throughout, we obtain that
Jn, = dob®™™ ™ + dyab® + ..+ dop1a® T,

which is an integer as every term is an integer. Thus J,, is an integer.
Since I,, = [T!'(1 — 2?)" cos(ax)dz, and 0 < (1 — 22)" cos(ax) < 1 for
all z € (—1,1), it follows that 0 < I,, < 2. Thus,

2n+1
0< J, <

n!

. Use the above step to establish a contradiction, so that 7= must be

irrational.

Since a is a fixed integer, 2a*"™ < n! for some n sufficiently large.

Thus, 0 < J, < 1 for n sufficiently large. But J,, is an integer, so this
is impossible. Thus our assumption that 7 = a/b for some integers a
and b must have been false. Hence 7 is irrational. (Whew!)

[Pentagon:] Give an example of two pentagons which have corresponding
angles congruent but are not similar.

C
B D
F G
A E

The pentagons ABCDFE and FBCDG have congruent angles, but are
not similar. Given any pentagon, you can quickly construct an example, by
simply inserting a parallel line inside of one side. Actually, you can use this
technique to construct two pentagons that are completely dissimilar in the

sense

that no pair of sides is in the same ratio.



[Square Root Construction] Given the following picture, prove that |[DB| =

\/|CB], given that the circle centered at O through A, also runs through C
and D.

D

pras C
B 0]

This proof is thanks to Tim Fleming. To start with, we need to show that
/ADC is a right angle. Note that we are given that DB is perpendicular to
AC'. Draw in the auxiliary line OD. It then follows that triangles ODC and
OAD are isosceles. Thus /ODC = /OCD and /ODA = /OAD. Clearly,
/ADC is the sum of the two angles at D, and the congruences then tell us
that the measure of /ADC'is the sum of measures of /OAD and /OCD. We
will write this measure as m(/ADC). As the sum of the angles of a triangle
is m radians or 180°, it follows that

7 = m(LADC)+ m(/OAD)+ m(/(OCD)
= m(LADC) +m(L/ADC) =2m(/ADC).

Consequently, m(/ADC) = ©/2, and it is a right angle. As /ACD is an
angle of both triangle AC'D and DC'B and both of these triangles contain a
right angle, the AA similarity theorem implies AACD ~ ADCB. Similarly
(no pun intended), as ZC'AD is an angle of both AACD and AADB and
both contain a right angle, we have AACD ~ AADB. As similarity is an
equivalence relation(!), it follows that ADCB ~ triangADB. Using the
proportionality of corresponding sides, we obtain:

E
&
Y|
IS

E
IS
o
Q

Solving this for | BD|, we obtain that

Sy

[
Q

as desired.



[Worksheet problems:] I am not going to give full scale solutions to these
problems as everyone got problem 1 and problem 2, problem 5 will be dis-
cussed on the next solution set, and problem 3 everyone had except that
they didn’t necessarily give the reasons for the triangles being similar in the
proper way. For the construction of the product, note that this can be done
with any triangle, (not necessarily a right triangle) as long as you can copy
an angle. The idea is as follows.

Draw a line [.

Mark a point A on [.

Mark a point B on [ at distance 1 from A.

Mark a point C' on [ at distance a from A so that B lies on AC.

Draw a circle of radius b centered at B.

Mark a point on the circle not on [. We now

Draw a line m through A and D.

Let n be the line segment BD.

Copy the angle ABD at point C' (as done in class).

Let I’ be the line making this angle with /.

Mark the intersection point E of m and [’.
claim that |CE| = ab. To see this, note that /BAD = /CAF since they
are the same angle, and that /ABD = /ACE by construction. Thus

NABD = NACE. Using similar triangles, it follows that % = %,
or writing z = |C'E|, we have 1 = % 5o that = = ab.
To construct the quotient, you follow the steps:

Draw a line [.

Mark a point A on [.

Mark a point B on [ at distance b from A.

Mark a point C' on [ at distance a from A so that B lies on the ray from A to C.

Draw a circle of radius 1 centered at B.

Mark a point on the circle not on [.

Draw a line m through A and D.

Let n be the line segment BD.

Copy the angle ABD at point C' (as done in class).

Let I’ be the line making this angle with [.

Mark the intersection point E of m and [’.
Again, we have similar triangles and we now get the relation % = % Con-
sequently, CE = a/b.



