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Abstract

In this paper, we examine models for exploration and consumption
of resources. The fundamental feature of the models is the jump-
process nature of the exploration for and discovery of the resource.
Several models have been proposed and analyzed in the literature.
Here we provide numerical schemes, convergence properties, and some
new models that provide risk-averse policies to avoid depletion of the
resource.

1 Introduction

The use of non-renewable resources presents a variety of political and eco-
nomic problems to planners. In this paper, we examine some models for
the optimal exploration for and consumption of non-renewable natural re-
sources. Relying on fairly general basic well-posedness results found, e.g., in
[5] and [16], we consider some models representing risk-averse optimization,
and we develop numerical approximation and convergence results for these
optimzation problems.

Non-renewable resource management is a major challenge in today’s world.
Energy demands, in particular, continue to expand, stressing the oil and nat-
ural gas markets. Fundamental efforts in modeling and analysis are contained
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in [5, 16] and the references therein. In [6], analysis via piecewise determinis-
tic processes is conducted in a general setting. In [8], a deterministic problem
of extraction from multiple reserves with different extraction costs is exam-
ined. Recent efforts also include [10, 14], in which optimal exploration for
one firm in the presence of taxation and competition is studied. The analysis
of [9] equates resource extraction to a call option.

The dynamics of the processes we consider contain two basic components,
discovery and consumption. Consumption is modeled as a continuously vary-
ing quantity, in terms of a (controlled) rate of consumption. Discovery, on
the other hand, is a jump process, whose jump rates and jump levels depend
on the (controlled) exploration effort. The dynamic equation is of the form

dX(t) = d[t — Ct dt, (1)
or

t
X(t) = Xo+ I, — / ¢ dr, 2)
0

in which X denotes the stock of the resource, I denotes the cumulative
amount discovered through exploration, and ¢ denotes the rate of consump-
tion of the resource.

The control policies to be determined are the consumption rate ¢, which
we assume to be constrained to lie in a bounded interval [0, ¢], and the explo-
ration effort, e. The manner in which this control variable enters the equation
involves the nature of the jump discovery process, I. We assume here that
the rate of discovery is proportional to the effort, and that the amount of
discovery is independent of the effort. For simplicity of exposition, we assume
that the discovery amount is an absolutely continuous random variable with
density ¢: (0, 00) — [0, 00), assumed to have finite mean i, and variance o;.
Thus, the jump process is modeled as

PriI(t+h)=y|I(t) =y,e] = 1—Xeh+o(h) (3)
Pril(t+h)e (y+a,y+0blI(t) =y, e = )\eh/abq(z) dz+o(h) (4)

in which A\ denotes the rate constant for discovery, over the small time period
[t,t+ h]. Such a process can be defined rigorously in terms of its jump times.
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We assume that 17,75, T3, -+, is a sequence of positive random variables
satisfying the following:

PriTy<#] = 1—exp{— /Ot)\e(s)ds} (5)
PriTy — Ty <#|Ty, -, Ty = 1—exp{—/0t/\e(Tn+s)ds}. (6)

For a detailed description of this model (and some of its generalizations), see
[5] and [16].

The optimization problem for the process is to determine controls ¢: [0, 00) —
[0,¢] and e: [0, 00) — [0, €] in such a way that the functional

Josere) = B[~ e (Ule(t) - He(t) dt], (7)
is maximized. Here [ is the usual discount rate, U denotes the utility of
consumption, and He denotes the cost of exploration at rate e (assumed
linear). Typically U is chosen to be of the HARA (hyperbolic absolute risk
averse, see, e.g., [1, 4]) form U(c) = ¢, for some v € (0,1). These functions
have infinite derivative at ¢ = 0, modeling the notion that pushing consump-
tion rates to 0 involves steeper changes in utility. Generally speaking, when
a smaller value of v is specified, the controls will work harder to keep the
system away from 0.

The optimal controls are characterized in a feedback manner, using the
value function V' (xg) = sup,., J(zo, ¢, €), which satisfies the Bellman equation

BV(a) = sup {(U(0) = V'(@)} + sup Ae [“(V(a+y) = V(a)aly) dy — He}, (8

0<c<e 0<e<e

whose properties are detailed, e.g., in [16]. In particular, in [16] it is seen
that this equation has a unique viscosity solution.

Another interesting property of this model (again, see [16]) is the reach-
ability of 0 resource.

Having recalled the model and its mathematical foundations, we now
turn to the problem of developing a numerical scheme and analyzing its
convergence properties.



2 A Numerical Scheme Based on Markov Chain
Approximation

We begin this section by defining the transition probabilities of a controlled
Markow chain, which will approximate the controlled resource process de-
scribed above. The basic idea is to construct the process so that its moments
approximate those of the continuous process. The very general weak con-
vergence theory of Kushner (see, e.g., [13, 11, 12]) can then be applied to
obtain convergence of the processes. Here we go directly to the solutions of
the discrete Bellman equations. Relying on special structure of the problem,
we can obtain convergence results for the feedback control forms as well as
the value function.

Given a discrete time step At and spatial step h, we define the transition
probabilities in the following way. On the discrete grid 0 < i, 5 < oo, we let
P denote the one step transition probability from state i to state j using
controls ¢ and e. The, for i > 1, we set

e cAt

]Di,%fl = Ta

Py = Aelthg(jh), j =1,

P = 1=Piti= ) Py
j=1

in which At = h?/Q, with the denominator @ chosen to ensure all quantities
are between 0 and 1. In particular, we choose () as

Q = ch+ Xeh® > q(jh).
j=1

Note that this choice of @) forces At — 0 as h — 0. At the left boundary, we
assume that the state ¢ = 0 is absorbing: Fyy = 1.
This Markov chain is controlled via the discrete cost functional

T (w0, c,e) = B[ e P2 (U(c(ty)) — He(ti)) At], (9)
k=1
leading to the Bellman equation

e s (NS sU-n))
J

(2
0<c<e,0<e<é
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for the discrete value function. We define the nonlinear functional T" by

Th(V)Z B OSCSS;(?SeSE{e_ﬁAt z]: PZ(Z@VB + At(U(C) - He)} (11)
As in [2], we note that T" defines a contraction on V = {v € (*:v; > 0}
equipped with the usual sup-norm. We appeal to the contraction mapping
principle to obtain a solution for the discrete Bellman equation. Rearranging
terms and using the definitions of the transition probabilities, we see that

h_yh
Vo= e PRV 4 At sup {U(c) — e‘ﬁAtcL V’_l}

! 0<c<é h

+ At sup {e(/\e ﬁmz V;}}r] — VM hq(jh) — H)}

0<e<e

Bringing the e #21V! term to the left hand side, and dividing by At, we have

1 — g Pt Vi — Vi
- \vh = U —pAt, i Tl
( A7 ) f su Is) { (c)—e c - }

0<c

+ up Dele %V, = Vbl — )

an equation strongly resembling the continuous Bellman equation. We should
remark here that, while this finite difference scheme may appear to be a more
natural numerical approximation to the Bellman equation of the continuous
problem, the discrete Bellman equation (9) has a control interpretation that
allows for value or policy iteration numerical solutions. Moreover, its control
interpretation, with the contraction mapping principle, provides the theoret-
ical foundation for solution.

In the following sections, we will establish some properties of the discrete
value function and prove that it converges to the value function for the contin-
uous problem. We suggest that the reader who is not interested in technical
details skip to 5, in which we describe the numerical implementation and
provide computational results.



3 Important Properties of the Discrete Value
Function

Our first steps toward proving convergence involve establishing some impor-
tant properties of the discrete value functions.
Property 1. The value function V" is a nondecreasing function of 1.
PROOF. Our first step is to consider applying 7" to a nondecreasing
function v € V. Let ¢* and e* be the controls optimal for state 7, and denote
by P}, the transition probablilties associated with those controls. Using the
deﬁnltlon of T", we have that

T"(0)ip1 = TMw); > { oAt Z i1+ sz)vj}'

j=i—1

Note that Pf ;1 11, =

= P*

iy for t — 1 < j. Thus we have

Th(v)z‘H—Th( )i > e’mtz z+1] — V1)

Property 2. The optimal exploration rate e* is zero for sufficiently large
1.

PROOF. Since V" is a bounded and nondecreasing function of 7, it must
have a limit, V" as i — oo. Coupling this observation with the integra-
bility of the discovery density ¢, we may choose N in such a way that
Ae PAEY yhq(jh) (V] — Vi) < H/2. The exploration rate is determined
by the term

sup {e(Ae” ﬂAtZ (Vi = Viha(jh) — H)}

0<e<e
For i > N, then, the quantity multiplying e is less that —H/2. Thus, the
maximizing value of e in the Bellman equation must be 0 for all > N.
Property 3. 1f U is C[0,00) N C*(0,00), increasing and concave, with

U(0) = 0, then the value function V" is a concave function of i.
PROOF. Using Property 2, we see that the value function satisfies

1 — ¢~ PAL Vi _ yh
(7275 )VZh = sup {U(c) — e PRl il %1}



for sufficiently large 7. Define

F(p) = sup {U(C) - e‘ﬁAtcp}.

0<c<c

Note that F' is a nonincreasing function of p, since U(c) — e #2icep is, for
every value of ¢. Also, note that

(x v = o -veam)

1 — e 08\ , X
N Viw = 1 ((LH*l Vi )/h)
leading to

(= = r(t = vim) = P (0 = v n)

Since V' is nondecreasing, and since F' is nonincreasing, we must have

(V" = Vi) /b = (Vi = Vi) /h

7

so that V" is concave, for sufficiently large i. To obtain the result for all
possible 4, we proceed with a backward induction argmument (as in [7]).
Suppose that

(VI =V /h= (Vi =V /h

7

for all ¢ > n 4+ 1. Our goal is to show that

(Vi =Vil)/h = (Vi = Vi) /D

n

Let e* be the optimal exploration rate for n + 1. Then we have
1—e P20\, e\ —BAL= 1k h -
N Vi, = ¢ ()\e E(Vn+1+j = Vai)ha(jh) — H)

J:

+ F((vnh+1 _ Vnh)/h),

\]



and

1 —ePat h *(\ ,—BAt o (1/h h ;
eV 2 e (TSR, — Vihajh) - H)

+ F((VRh—]v;_n/h),

so that
<%) Vi =Vl < PV = Vi) = P = Vi /)

+e’ ()‘eimt Z(VrflJrlJrj o Vnh+1) - (Vnh+j o Vnh)hQ(jh))
j=1

Now, since

(V"= V)R>V — VIR

7

for all i > n + 1, we see by induction that
(Vzig - V;]il)/h > (V;}}rlﬂ - Vh)/h

7

for all i > n+ 1 and all j > 0. Thus, we have that
e’ (/\e_ﬁAt Z(VTZZJrlJrj - Vthrl) - (Vthrj - Vnh)hQ(]h)) S 07
j=1
so that

1 — e—,@At § B [e'¢) .
(T)Wnﬁl —VI = e (MWl = Vi) = (Vi = ViDha(ih)
j=1

< F((Via=V/b) = F((VE=VI)/h).

Since both terms on the left side of the inequality are nonnegative, we have
that

F((Via = Vi/n) = F((vE = Vi) /m) 20

leading to
(Vthrl - Vnh)/h < (Vnh - Vnhfl)/h
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as desired. Thus Property 3 is seen to hold.

Property 4. The value functions V" are bounded by ﬁfﬁfgt.

PROOF. This result is an immediate consequence of Property 1 and the
proof of Property 2. For sufficiently large ¢, the optimal exploration rate is
0. Moreover, V" is increasing, so we have

(1%;3&) Vi = F((Vnh - Vnhl)/h) < U(@).

Since V" is nondecreasing, the result for large i extends to all i.
With these properties in hand, we are now prepared to prove convergence.

4 Convergence Theory for the Discrete Value
Function

Our first task in demostrating convergence is to show that, if the sequence
converges, then it converges to a viscosity solution of the continuous problem.

Lemma 1. Define the function v"(x) as the continuous, piecewise linear
interpolation of V" on the interval [0,00). Suppose that, for each B > 0,
v" — v* uniformly on [0, B], as h — 0. Then v* is a viscosity solution of the
Bellman equation (8).

PROOF. Suppose ¢ € C?*(0,00), and define

AY(a) = =B(@) + P @)+ swp (e [~ (W(a+y) - v(e)aly) dy— He}.

0<e<e
The equation Ay = 0 is a restatement of (8). Likewise, we define
1 — e BAL
roin) = (= Jutin) + F((w(in) = oG- vi/n)
+ sup (AP S ((i 4 j)h) — v (ih) ha(jh) — H)

Note that, due to the C? nature of v, A" converges uniformly to At on
any compact subset of (0,00). To show that v* is a viscosity subsolution, we
need to see that, if xy is a strict local maximum of v* — v, with z¢ € (0, 00),
then Avy(zy) > 0. Now, by the uniform convergence of v" to v*, there exists
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a sequence zj, of local maxima of v" — ¢ (necessarily on the grid {ih},)
converging to zo. Now, V! = T"(V"),, . so ¢(z) < T"(¢))s,, which leads,
by definition of A", to A™(x;,) > 0. Thus, A(xy) > 0, and v* is a viscosity
subsolution. The supersolution argument is identical.

Having shown that any possible limit must be the “right” limit, we now
turn to the problem of showing that a limit must exist. Toward that end, we
require the following assumption.

(1) The function U is nondecreasing, concave, and continuously differen-
tiable on [0, ¢], with U(0) =0 and U’(0) =p > 0.

Lemma 2. Define the function v"(z) as the continuous, piecewise linear
interpolation of V" on the interval [0, c0). Suppose that U satisfies (1), and
that 8 > Aew,. Then for B, v" is equicontinuous on [0, B].

PROOF. First,we set ¢ = 3 — Aep, > 0. Next, we choose hy so that if
0 < h < hg, then

E
(jh)q(jih)h — =
IZJ q(j el < o

e’ﬁAt(l + At)\euq) <1-¢/2,

Next, for each h € (0, hy), choose N}, so that

rf;@h)q(jh)h - §<jh> (b < 2=

Now, we define the functions w”" by interpolating linearly on the points
between the grid ih, with w”(ih) = 2pih, when i < N, and w"(ih) =
wh(Nyh) when i > Nj. This function is in V. Moreover, because U’(c) < p,,
we must have, for ¢ < Ny, that

Thw")(ih) = = e P (ih) + At sup {e(Ae” ﬂAtZ (Vi = VIha(jh) — H) }

0<e<e

IN

e PAL (2pzh + 2pAe(p + K)

For i = 1, we have that T"(w")(h) < w"(h), so by the contraction principle,
we must have w"(h) > V{*. Since V' = 0, and since V" is nondecreasing
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and concave, we have a bound on the derivative of v” for sufficiently small
h: vh(x) < 2p, for all x.

Appealing to the Arzela-Ascoli theorem, we have the following conver-
gence result:

Theorem 1. Under the conditions of Lemma 2, the sequence v" converges
to v*, the unique viscosity solution of (8). The convergence is uniform each
compact interval [0, B].

An argument identical to that of Lemma 5 of [7] allows us to claim that
v"(x) converges to v*/(z), uniformly on compact sets [0, B]. That argument
also allows us to claim that the discrete feedback controls converge to the
feedback controls of the continuous problem, as well. In particular, the feed-
back function ¢ converges uniformly to the optimal feedback consumption
rate ¢ on each compact set [0, B]. The discontinuity of the linear optimization
of the e term does not allow a uniform convergence result, but we can obtain
the result that e"(z) — e(z) for each z at which the feedback exploration
e is continuous. The distinction between the approach here and the general
approach of [13] is that the particular form of the problem here allows us to
derive these tighter results concerning derivative and control convergence.

Having developed a convergence theory for the approximations, we now
consider some numerical examples.

5 Computations and Some Robust Alterna-
tives

In order to illustrate our results, we present results from numerical simulation
based on the scheme described above. The basic idea here is to examine the
behavior of the optimal controls in the presence of various perturbations to
the system.

Recall that our basic dynamic model is given by

dX(t) = d[t — Ct dt,

in which [ is defined as the discovery jump process, whose transitions are
given by

PriI(t+h) =y|I(t)=y,e] = 1—Xeh+o(h)
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b
Pril(t+h) e (y+a,y+b|I(t)=y,e] = Xeh [ q(z)dz+ o(h).
The variables ¢ and e are the control variables: ¢(t) € [0,¢],e(t) € [0, €] are
to be chosen in an optimal manner over time.

The dynamics, as discussed in 2, are discretized into a Markow chain
structure. The continous resource level is discretized onto a grid ih, for
1 = 0,1,2,---, and the ability to approximate closely is governed by the
step h. Time is discretized in a related manner: At = h?/Q, where Q =
ch + Aeh® 332, q(jh). The transition probabilities of this chain are given by

ce  CAL

i,0—1 h )

P, = XeAthg(jh), j>1,

P = 1-P52, =) Py
j=1

in which At = h?/Q, with the denominator @ chosen to ensure all quantities
are between 0 and 1. In particular, we choose ) as

o
Q = ch+ Xeh® Y q(jh).
j=1
The scheme we implement involves several differences from the scheme
analyzed above. In particular, we must truncate the resource level at a max-
imum value, in order to be able to compute the value function V*. Toward
that end we specific N to be the maximal discrete state, and we set, for each
7

Piy = XeAt > hq(jh)

Z?
j=N—i

to provide an upper limit. The model has the effect of limiting our ability
to “store” the resource: for any discovery that brings our resource level to a
value greater than Nh, we “lose” the overflow.

With the transition probabilities defined, we construct the Bellman equa-
tion

c,e

N
Vh=1T"V); = sup{e_ﬁAt > Pff‘/;h + AtG(c, e, ih)},
=0
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in which the cost functional to be maximized is

J(ih,c,e) = E{Z e PG (Cpats Ennty XnAt)]

n=1

The reason for the general form G over the form analyzed above is to examine
several possible perturbations away from our assumptions.

For the objective functional, our baseline choice is a utility function de-
fined by a Hyperbolic Absolute Risk Aversion (HARA) form:

G(c,e,x) =U(c) — He, U(c) = Ac?,

in which 0 < v < 1. These functions (as discussed in [1, 4]) are chosen so that
increasing rates of consumption produce decreasing marginal utility. In the
case of the HARA utility (y < 1), the marginal utility at 0 consumption rate
is infinite, meaning intuitively that there is a huge gain in utility for small
increments in consumption rate near zero. As consumption rates increase,
the additional utility of a small increment in consumption rate is less. To
contrast, a linear utility function is considered risk neutral, while a convex
utility function (y > 1) models a risk-seeking individual.

Also, we manipulate the cost with some alternatives meant to make the
controls behave in a risk averse manner. What we mean by this statement
is that we seek cost functionals that will produce controls less likely to drive
the system to 0 resource stock.

The first adjustment to the cost function we consider is a function of the
state of HARA form:

G(c,e,x) =U(c(t)) — He(t) + k(X (1))

in which k(z) adds value, especially at low levels of resource stock. We use
k(x) = by/r — dx which includes a holding cost for storing the resource and
a utility for having a stock. At small x, the \/z term dominates, while for
large x the holding cost is more important. The analysis of [16] includes the
holding cost, but not the HARA-like \/z term.

Another possible adjustment of the cost is

2

G(c,e,x) :U(c,x)—He:Ac—bC— — He,
x
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as suggested by Pindyck in [15]. The state dependent utility tends to reduce
consumption when the resource is low.

Note that each of these choices decouples the exploration variable from
the consumption variable. In each of these cases, we can write G(c, e, x) =
U(c,x) — He. This structure simplifies the Bellman equation significantly.
Indeed, the operator T" is easily seen to have the form

h(yh —BAty A : _oae VIV
(V") = e "2'V"+ At sup {U(c,zh) —e 07}

0<c<e h
-8A h h :
+ Atosgligé{e()\e tjz::l Vi, = ViYhq(jh) — H)}

Given a candidate value function V", one can determine analytically the
choice of ¢ and of e for each i. The choice of ¢ will depend on the form and
structure of U, but the simple HARA or polynomial forms proposed herein
admit straightforward computation. The choice of e is even simpler: either
e =0 or e = e, depending on the sign of the quantity

Ae” ﬁAtZ (Vi = V" hq(jh) — H.

Now, in order to solve the dynamic programming equation, there are
two common approaches (as discussed in detail in Volume 2 of [2]). One,
value iteration, makes direct use of the contraction principle. Starting with
an initial guess for the value function, W°, we construct a sequence W"+! =
Th(W™), which is guaranteed to converge to the unique fixed point of 7". The
convergence rate, however, is governed by e #2* and as At becomes small,
the convergence rate is too slow for practical use. The second approach,
policy iteration, begins with an initial guess of the policies, ¢ and €°. Given
policies ¢ and e”, we perform two steps. First, we solve the system of linear
equations

fﬂAtCVVin —hw;”l}

+ { ()\e ﬁAtZ i W6ni)hq(jh)—H)}

Wr = e AW+ A{U (e ih) — e

2
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for W™. Having computed W", we then determine the next policies in the
iteration, ¢"*! and e"*! by maximizing

(e, ~ weaGn - 1)
j=1

and

<U(67 i) — e—ﬁmc%> _

Policy iteration, a reformulation of Newton’s method for solving the Bellman
equation, tends to converge much more quickly that value iteration, at least
in problems for which the linear system of equations can be solved quickly.
In the examples below, we implemented the Markow chain in Matlab,
using the policy iteration scheme to compute the value and policies. The
following parameter values were used to illustrate the approach.
Parameter Value
1
0.1
1
26—2:v
10.0
10.0
0.01
500
The “regular” utility of consumption we use is U(c) = 4/c. The robust
adjustment we add is k(z) = /x — x/2. The Pindyck utility we use is
U(e,z) = ¢ — ¢*/(10z). In Figures 1 and 2, we see the consumption rates
and the exploration rates for these three cost functionals.

memm me
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In these two figures, one can see that the consumption rates for the stan-
dard HARA, the risk-averse stocking utility, and the Pindyck risk-averse
model are all rather different from each other. Moreover, the Pindyck utility
recommends exploration for a larger range of stock levels. In order to see
if these different objectives result in different resource levels, we developed
a Monte Carlo simulation. Using the same realization on each model (but
using the transition probabilities for each control strategy), we simulated
20,000 time steps of the chain. In Figure 3, we see the three trajectories sim-
ulated. We can see the effects of reduced consumption as well as the effects
of additional exploration. The realizations of the risk averse control schemes
keep the stock away from zero.

18



resource level

45 T T T T T T T

\

n
o

N

0.5

i

0 2

0 ; l L A LL
6 8 10 12 14
time

Figure 3: Optimal exploration as function of resource

19

16

]

m—regular
= risk averse
=== Pindyck




6

Acknowledgments

The author would like to thank Professors Suzanne Lenhart and Catherine
Roberts for the invitation to speak in the Natural Resource Modeling session
of the 2004 AMS Annual Meeting. Professor Jon Conrad also provided some
interesting comments on that talk, including references to Pindyck’s work.
The author would also like to express his gratitude to Professor Wendell
Fleming for suggesting this project and providing several important ideas in
this work.

References

1]

2]

Aliprantis, C. D., and S. K. Chakrabarti (2000). Games and Decision
Making, Oxford, New York.

Bertsekas, D. (2000) Dynamic Programming and Optimal Control, 2nd
Ed. Volumes 1 and 2, Athena Scientific, Nashua.

Cairns, R. D.; and N. Van Quyen. (1998) “Optimal Exploration for and
Exploitation of Heterogeneous Mineral Deposits,” Journal of Environ-
mental Economics and Management, Vol. 35, pp. 164-189.

Carroll, C.D. and M. Kimball, (1996), “On the concavity of the con-
sumption function,” Fconometrica, Vol 64, pp 981-92.

Deshmukh, S. D., and S. R. Pliska. (1980) “Optimal Consumption and
Exploration of Nonrenewable Resources unfer Uncertainty,” Economet-
rica 48 (1), pp 177-200.

Farid M., and M. H. A. Davis (1999) “Optimal consumption and ex-
ploration: A case study in piecewise-deterministic Markov modelling,”
Annals of Operations Research Vol. 88, no. 1, pp. 121-137.

Fitzpatrick, B. G., and W. H. Fleming (1991). 3. “Numerical Methods
for an Optimal Investment-Consumption Model,” Math. Oper. Res., 16,
(2) pp. 823-841.

20



8]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

Holland, S.P. (2003) “Extraction Capacity and the Optimal Order of
Extraction,” Journal of Environmental Economics and Management,
Vol. 45, pp. 569-588.

Hoover, S. A., and F. Sterbenz (2001) “Exhaustible Resource Mining is
the Exercise of a Call Option: Implications for the Term Structure of
Commodity Prices,” preprint from http://home.wlu.edu/ hoovers/

Khadr, A. M. (1987) “Fiscal Regime Uncertainty, Risk Aversion, and
Exhaustible Resource Depletion,” Oxford Institute for Energy Studies,
http://www.oxfordenergy.org.

Kushner, H. J. (1977) Probability Methods for Approzimations in
Stochastic Control and for FElliptic Equations, Academic Press, New
York.

Kushner, H. J. (1989) “Numerical Methods for Stochastic Control Prob-
lems in Continuous Time,” LCDS Report #89-11, Brown University
Division of Applied Mathematics, Providence.

Kushner, H. J.; and P. DuPuis (2001) Numerical Methods for Stochastic
Control Problems in Continuous Time, Springer-Verlag, New York.

Luus, R. (2004) “Optimization of Mineral Resource Extraction and Cap-
ital Allocation by Iterative Dynamic Programming,” 38" Annual Meet-
ing, Canadian Economic Assoc.

Pindyck, R. (1984) “Uncertainty in the Theory of Renewable Resource
Markets,” Review of Economic Studies, 51, (2), pp. 289-303.

Soner, H. M. (1985), “Optimal Control of a One-Dimensional Storage
Process”, Applied Math. Optim. 13, pp. 175-191.

21



